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Abstract
The proof of the multi-Regge form of multiple production amplitudes in the next-to-
leading logarithmic approximation is presented for Yang-Mills theories with fermions and
scalars in any representations of the colour group and with any Yukawa-type interaction.
Explicit expressions for the Reggeized gauge boson trajectory, the Reggeon vertices and
the impact factors are given. Fulfilment of the bootstrap conditions is proved.
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1 Introduction
Multi-Regge form of many-particle amplitudes underlies the well-known BFKL (Balitsky–
Fadin–Kuraev–Lipatov) approach [1–4], which gives the most common basis for the description
of small x processes. The idea of this form emerged in the process of the calculations [2, 5] of
elastic scattering amplitudes at large c.m.s. energies
√
s and fixed momentum transfer
√−t
in the leading logarithmic approximation (LLA) which means summation of radiative correc-
tions of the type of (g2 ln(s/|t|))n (g is the coupling constant). The dispersive method used in
the calculations requires knowledge of all inelastic amplitudes in the multi-Regge kinematics
(MRK) where produced particles have limited (not growing with s) transverse momenta and
strongly ordered longitudinal momenta. It turned out [2, 5] that these amplitudes have the
multi-Regge form in the first few orders of perturbation theory. This led to the hypothesis that
this form is valid in the LLA in all orders of perturbation theory. Lately, this hypothesis has
been proved [6]. Then, it was generalized for the next-to-leading logarithmic approximation
(NLLA), which means summation of radiative corrections of the type of g2(g2 ln(s/|t|))n. Note
that in this approximation one has to consider not only the LLA amplitudes with g2-corrections,
but also amplitudes with a couple of particles having longitudinal momenta of the same order.
They correspond to the kinematics which is called quasi multi-Regge (QMRK). To unify con-
sideration we will use in the following the notion "jet" both for such couple of particles and for
a single particle and will treat QMRK as MRK with jets.
The BFKL approach in the NLLA is widely used in Quantum Chromodynamics (QCD)
now. It is used also in supersymmetric Yang-Mills theories (SYM); in particular, it was used
in the maximally extended (N = 4) SYM for check of self-consistency of the ABDK-BDS
(Anastasiou-Bern-Dixon-Kosower – Bern-Dixon-Smirnov) ansatz [7, 8] MBDS for amplitudes
with the maximal helicity violation (MHV amplitudes) in the multi-color (planar) limit and for
verification of the conjectures of dual conformal invariance [9–15] and correspondence between
the MHV amplitudes and expectation values of Wilson loops [13, 14, 16–19], presentation of
true amplitudes as the product MBDS on a function of conformal-invariant ratios of kinematic
invariants R called the remainder factor, and for the calculation of this factor in the multi-Regge
kinematics [20–27].
To be confident in the results of the BFKL approach in the NLLA one needs a proof
of validity of the multi-Regge form of many-particle amplitudes in this approximation. The
way of proving based on s-channel unitarity was outlined in [28] and worked out in detail
in [29]. The main steps of the proof are the following. The requirement of compatibility of
the s-channel unitarity with the Reggeized form of amplitudes leads to an infinite set of the
relations (bootstrap relations) connecting derivatives of this form over energy variables with
the discontinuities in this variables, which, in turn, are determined by this form. It turns out
that all these relations are fulfilled if several conditions on the Reggeon vertices and trajectory
(bootstrap conditions) are valid. Thus, the proof of the multi-Regge form is reduced to check
validity of the bootstrap conditions.
In this paper we present the results necessary for this check in Yang-Mills theories containing
fermions (we will call them also quarks) and scalars in arbitrary representations of the colour
group with a general form of the Yukawa-type interaction. First, we define the multi-Regge form
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Figure 1. Schematic representation of the amplitude 2 → 2 + n. The zig-zag lines represent
Reggeized gluon exchange. Right and left black blobs represent the Particle-Particle-Reggeon
(PPR) vertices; black blobs in the middle represent the Reggeon-Reggeon-Particle vertices.
of multiple production amplitudes and present all components of this form in the NLLA. Then
the bootstrap approach to the proof of the validity of this form is sketched, all main components
of the bootstrap conditions are defined and fulfilment of these conditions is discussed.
The paper is organized as follows. In Section 2 we define the multi-Regge form of the MRK
amplitudes and specify the theories in which this form will be proved. In Section 3 we present
the Regge trajectory of the gauge boson (we call it gluon as in QCD) and the Reggeon vertices
entering in the multi-Regge form. In Section 4 the bootstrap approach is briefly presented
and the bootstrap conditions are formulated. In Section 5 verification of these conditions is
presented.
2 The multi-Regge form of multiple production amplitudes
The multi-Regge form of the amplitude A2→n+2 of the process A+B → J0+J1+ . . .+Jn+Jn+1
is shown in Fig.1, where the zig-zag lines represent Reggeized gluon (Reggeon) exchange, right
and left black blobs represent the Particle-Particle-Reggeon (PPR) vertices and black blobs
in the middle represent the Reggeon-Reggeon-Particle (RRP) vertices. The PPR and RRP
vertices are called also scattering and production vertices correspondingly.
It is necessary to note here that the simple factorized form shown in Fig.1 is valid for the
real parts of the MRK amplitudes only. In fact, the imaginary parts are much more complicated
2
than the real ones and have not any factorized form at all.
In the following for any 4-vector v we use the decomposition v = v+n1 + v
−n2 + v⊥ with
light-cone vectors n1,2 such that (n1n2) = 1, and therefore v
+ ≡ (v, n2), v− ≡ (v, n1). It is
supposed that the dominant components of the momenta pA and pB of the initial particles A
and B are p+A and p
−
B correspondingly, so that the squared energy in the c.m.s. s ≃ 2p+Ap−B. Each
of the final jets Ji, i = 1, . . . n+ 1 with momentum ki = qi − qi+1 q0 ≡ pA, qn+2 ≡ −pB can
represent either a single particle or a couple of particles. Their rapidities yi, yi =
1
2
ln
(
k+i /k
−
i
)
for i = 1, . . . n, y0 = ln
(√
2p+A/|q1⊥|
)
and yn+1 = ln
(|q(n+1)⊥|/√2p−B) are strongly ordered:
y0 ≫ y1 ≫ · · · ≫ yn ≫ yn+1; all ki⊥ are limited.
In these denotations the multi-Regge form for the real parts of the MRK amplitudes can be
written as
ℜA2→n+2 = 2sΓR1J0A
(
n∏
i=1
eω(qi)(yi−1−yi)
q2i⊥
γJiRiRi+1
)
eω(qn+1)(yn−yn+1)
q2(n+1)⊥
Γ
Rn+1
Jn+1B
, (2.1)
where ω(q) is called the gluon trajectory (in fact, the trajectory is 1+ω(q)), ΓRJ0A and Γ
R
Jn+1B
are
the scattering vertices and γJiRiRi+1 are the production vertices. The numerator of the Reggeon
propagator eω(qi)(yi−1−yi) =
(
si/
√
k2i−1⊥k
2
i⊥
)ω(qi)
, where si = (ki+ ki+1)
2 ≈ 2k−i+1k+i is known as
the Regge-factor.
In the NLLA one has to know the gluon trajectory with the two-loop accuracy, the Reggeon
vertices with one-particle jets with the one-loop corrections and the Reggeon vertices with
two-particle jets at the Born approximation only. In QCD all these vertices and the trajectory
were calculated with the required accuracy many years ago (see, for instance, [28] and references
therein). Here we present them for a wide class of Yang-Mills theories with nf quark fields ψ
ai
i (ai
and i are correspondingly colour and flavour indices, i = 1, . . . , nf) and ns (pseudo)scalar fields
φArr (Ar and r are colour and flavour indices respectively, r = 1, . . . , ns) in any representations
of the colour group with a general form of the Yukawa-type interaction
LY = gY
(
ψ¯aii [γ5]rψ
cj
j
)
(Rrij)
br
aicj
φbrr + h.c. . (2.2)
In the lagrangian (2.2) [γ5]r = 1 for scalars and [γ5]r = iγ5 = −γ0γ1γ2γ3 for pseudoscalars;
(Rrij)
br
aicj
are flavour matrices of the Yukawa-type interaction. Different fields transform accord-
ing to different representations of the gauge group SU(Nc) with generators T
a
bc = −ifabc for
gluons, tai for quarks and T ai for scalars. The colour projectors (Rrij)braicj obey the commutation
relations following from the gauge invariance:
(taf )cf b(R
r
fi)
nr
bci
− (Rrfi)nrcfd(tai )dci = (Rrfi)mrcfci(T ar )mrnr . (2.3)
Here the summation is only performed over colour indices b, d, and mr. We will use the
symmetry factors κfi (κ
s
r) equal to 1/2 for Majorana quarks (for the real scalars) and equal to
1 for Dirac quarks (for complex scalars) and the denotations
ξf =
nf∑
i=1
κfi
T fi
Nc
, ξs =
ns∑
r=1
κsr
T sr
Nc
, (2.4)
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where generators T fi , T
s
r are normalized by the relations
Tr[T aT b] = Ncδab ,Tr[t
a
i t
b
i ] = T
f
i δab , Tr[T ar T br ] = T sr δab . (2.5)
Quadratic Casimir operators are defined as
T aT a = CV = Nc, t
a
i t
a
i = C
i
F , T ar T ar = CrS. (2.6)
In the fundamental representation T fi = 1/2 and C
i
F = (N
2
c − 1)/(2Nc). But note that we use
the denotations tai , T
f
i and C
i
F for any representation of the colour group for quarks. The quark
loop contributions with the colour structure Tr[tai t
b
i ] can be obtained from the QCD ones (where
quarks are in the fundamental representation) by the substitution nf → 2
∑
i κ
f
i T
f
i , and the
contributions with the colour structure tai t
b
i t
a
i by the substitution 1/N
2
c → 1 − 2C iF/Nc . One
can also restore the contributions of vacuum polarization by scalars from corresponding quark
contribution in QCD by the substitution [30, 31] nf → 2
∑
r κ
s
rT
s
r /(4(1 + ǫ)).
It is worth noting that the interaction (2.2) permits transitions with nonconservation of
fermion and scalar flavours. For the diagonal transitions we omit the flavour indices.
The N -extended SYM contains nM = N Majorana quarks and ns = 2(N − 1) neutral
scalars. The matrices (Rrif)
br
aibf
in SYM have the form (Rrif)
br
aibf
= ∆rifT
br
aibf
and the flavour
matrices ∆r subject to the conditions [∆r]2 = −1, Tr[∆r] = 0, Tr[∆r∆t] = nfδrt with nf = nM .
The Yukawa constant in SYM reduces to gY = g/2.
As it is known, dimensional regularization violates supersymmetry, therefore in SYM a
modification of the dimensional regularization is used which is called dimensional reduction
[32]. Hereafter to present explicitly N = 4 SYM results we use the dimensional reduction
scheme, where ns = 6− 2ǫ.
3 Gluon Regge trajectory and Reggeon vertices
Apart from contributions of the Yukawa-type interaction (2.2), all Reggeon vertices as well as
the gluon trajectory in the Yang-Mills theories with quarks and scalars in any representations
of the colour group can be obtained from known results with the NLLA accuracy by the
substitutions discussed above.
There are two kinds of scattering vertices: with dominant + and dominant − components of
particle momenta, or, in other words, in fragmentation region of particles A and B. Evidently,
ones can be obtained from other by appropriate substitutions. We present the scattering vertices
for the particle A fragmentation region.
3.1 Gluon trajectory
The two-loop calculations of the trajectory were carried out in Refs. [33–37] and then confirmed
in [38, 39]. Using the integral representation for the trajectory in QCD [34] we obtain in
4
D = 4 + 2ǫ space time dimensions
ω(−~q 2i ) =
−g¯2 ~q 2i
π1+ǫΓ(1− ǫ)
∫
d2+2ǫk
~k 2(~k − ~qi)2
(
1 + g¯2
[
f(~k, 0) + f(0, ~k − ~qi)− f(~k,~k − ~qi)
])
, (3.1)
where
g¯2 =
g2NcΓ(1− ǫ)
(4π)2+ǫ
, (3.2)
Γ(x) is the Euler gamma-function, g is the bare coupling, and
f(~k1, ~k2) =
(~k1 − ~k2)2
π1+ǫΓ(1− ǫ)
∫
d2+2ǫl
(~k1 −~l)2(~k2 −~l)2
(
ln
(
(~k1 − ~k2)2
~l 2
)
− 2ψ(1 + 2ǫ)− ψ (1− ǫ)
+ 2ψ (1 + ǫ) + ψ(1)− 1
ǫ
− a1
2(1 + 2ǫ)(3 + 2ǫ)
)
, (3.3)
ψ(x) =
Γ′(x)
Γ(x)
, a1 = 11 + 7ǫ− 4(1 + ǫ)ξf − ξs. (3.4)
For N = 4 SYM, the coefficients a1 vanishes in the dimensional reduction.
An explicit expression for the trajectory was calculated in QCD [37] only the limit ǫ → 0.
Using this result we obtain
ω(−~q 2) = −g¯2(~q 2)ǫ Γ
2(ǫ)
Γ(2ǫ)
+ g¯4(~q 2)2ǫ
[
a1
(
1
3ǫ2
− 8
9ǫ
+
52
27
)
+
2
ǫ
ζ(2)− 2ζ(3) +O(ǫ)
]
, (3.5)
where ζ(n) is the Riemann zeta-function. In N = 4 SYM with the dimensional reduction one
has
ω(−~q 2)N=4SYM = −g¯2(~q 2)ǫ Γ
2(ǫ)
Γ(2ǫ)
+ g¯4(~q 2)2ǫ
[
2
ǫ
ζ(2)− 2ζ(3) +O(ǫ)
]
. (3.6)
In the MS scheme the bare coupling is connected to the renormalized coupling, gµ, through the
relation
g = gµµ
−ǫ
[
1 + g¯2µ
β0
2Ncǫ
]
, g¯2µ =
g2µNcΓ(1− ǫ)
(4π)2+ǫ
,
β0
Nc
=
11
3
− 4
3
ξf − 1
3
ξs . (3.7)
In terms of the renormalized coupling, one obtains
ω(−~q 2) = −g¯2µ
(
~q 2
µ2
)ǫ
Γ2(ǫ)
Γ(2ǫ)
− g¯4µ
(
~q 2
µ2
)2ǫ [
β0
Nc
(
1
ǫ2
− ln2
(
~q 2
µ2
))
+
(
1
ǫ
+ 2 ln
(
~q 2
µ2
))
×
(
67
9
− 2ζ(2)− 20
9
ξf − 8
9
ξs
)
− 404
27
+ 2ζ(3) +
112
27
ξf +
52
27
ξs +O(ǫ)
]
. (3.8)
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3.2 Vertices for one-particle jets
Reggeon vertices with gluons are gauge invariant. To simplify representation of these vertices,
we will use for the polarization vector e of the gluon with the momentum k the light-cone gauge
(en2) = 0, so that
eµ = eµ⊥ −
(e, k)⊥
kn2
nµ2 . (3.9)
It worth noting that knowing some vertex in this gauge, one can restore its gauge invariant
form. Here we have used the notation (a, b)⊥ ≡ (a⊥, b⊥).
Scattering vertices
Using results of Refs. [34, 40–42] for the one-loop gluon, quark and scalar corrections corre-
spondingly, we obtain for the gluon-gluon-Reggeon vertex ΓRG′G
ΓRG′G = −g
(
e
′∗, e
)
⊥
TRG′G
[
1− g¯2(−q2⊥)ǫ
Γ2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(
2
ǫ
+ ψ(1) + ψ(1− ǫ)− 2ψ(1 + ǫ)−
− (1 + ǫ)
2a1 + 2ǫ
2a2
2(1 + ǫ)2(1 + 2ǫ)(3 + 2ǫ)
)]
− 2gg¯2(−q2⊥)ǫ
Γ2(1 + ǫ)
(1 + ǫ)Γ(4 + 2ǫ)
× TRG′Ge
′∗
⊥µe⊥ν
(
gµν⊥ − (D − 2)
qµ⊥q
ν
⊥
q2⊥
)
a2, (3.10)
where e and e′ are the polarization vectors of the gluons G and G′ respectively, q is the Reggeon
momentum, TRG′G is the colour factor,
a2 = 1 + ǫ− 2ξf + ξs. (3.11)
For N = 4 SYM, the coefficients a2 vanishes in the dimensional reduction.
The quark-quark-Reggeon vertex ΓRQ′Q with one-loop accuracy was calculated in QCD
in [43]. Scalar corrections in SYM were found in [42]. Using these results, we obtain
ΓRQ′
f
Qi
= gδfiu¯f(p
′)tRi
n/2
2p+
ui(p)
[
1− g¯2(−q2⊥)ǫ
Γ2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(
1
ǫ
+ ψ(1− ǫ) + ψ(1)− 2ψ(1 + ǫ)
+
a1 − 3(3 + 2ǫ)
2(1 + 2ǫ)(3 + 2ǫ)
+
(2C iF
Nc
− 1
)(1
ǫ
− 3− 2ǫ
2(1 + 2ǫ)
))]
+ Γ
R(Y )
Q′
f
Qi
, (3.12)
where Γ
R(Y )
Q′
f
Qi
is the contribution of the Yukawa-type interaction. We don’t present it here in
the general case because we don’t need its explicit form to prove the validity of the bootstrap
conditions. In SYM this term is absent due to the cancellation of the scalar and pseudoscalar
contributions. They have different signs because corresponding matrix elements contain odd
numbers of gamma matrices between two matrices γ5 in the pseudoscalar case and two identity
matrices in the scalar case.
6
The scalar-scalar-Reggeon vertex ΓRS′
r′
Sr
was calculated in [42] in SYM by the method
developed in [44]. The calculations can be easily extended to any representation of the colour
group with the result
ΓRS′
r′
Sr
= gδr′r(T Rr )S′r′Sr
[
1− g¯2(−q2⊥)ǫ
Γ2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(
1
ǫ
+ ψ(1− ǫ) + ψ(1)− 2ψ(1 + ǫ)+
+
a1 − 4(3 + 2ǫ)
2(1 + 2ǫ)(3 + 2ǫ)
+
(2CrS
Nc
− 1
)[1
ǫ
− 2
1 + 2ǫ
])]
+Γ
R(Y )
S′
r′
Sr
,
(3.13)
where Γ
R(Y )
S′
r′
Sr
is the contribution of the Yukawa-type interaction. As well as for the quark vertex,
we don’t present it here in the general case, because we don’t need its explicit form. In SYM
we have [42]
Γ
R(Y )
S′S = −gTRS′S g¯2(−q2⊥)ǫ
Γ2(1 + ǫ)
ǫΓ(1 + 2ǫ)
2ξf
(−1)Is
1 + 2ǫ
, (3.14)
where Is = 0 if S is a scalar and Is = 1 if S is a pseudoscalar.
Production vertex
In the Born approximation the Reggeon-Reggeon-gluon vertex γGR1R2 was obtained in [5].
One-loop gluon corrections to the vertex were calculated in Refs. [40,45–47]. In the last paper
they were obtained at arbitrary D = 4 + 2ǫ. With the same accuracy, the quark and scalar
corrections were obtained in [48] and [31] respectively. At arbitrary D the corrections are
rather complicated (mainly because of the gluon contribution). We present them here in the
form where only terms singular at small gluon transverse momentum ~k (k = q1 − q2, q1,2 are
the momenta of the Reggeons R1,2) are given at arbitrary D, but the other terms in the limit
ǫ→ 0.
γGR1R2 = γ
G(B)
R1R2
+ 2gg¯2TGR1R2e
∗
⊥µ(k)q
2
1⊥V
µ(q1, q2) , (3.15)
where
γ
G(B)
R1R2
= −2gTGR1R2e∗⊥µ
(
qµ1⊥ − kµ⊥
q21⊥
k2⊥
)
(3.16)
is the Born vertex [5] in the light-cone gauge (e, n2) = 0,
V µ(q1, q2) =
(11
6
− 2ξf
3
− ξs
6
)(kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
q21⊥ + q
2
2⊥
q21⊥ − q22⊥
)
ln
q21⊥
q22⊥
+
(1
6
− ξf
3
+
ξs
6
)
×
[((
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)
2k2⊥(
q21⊥ − q22⊥
)2 + kµ⊥
(
2k2⊥ − q21⊥ − q22⊥
)
q21⊥
(
q21⊥ − q22⊥
)2 )[q21⊥ + q22⊥− 2q21⊥q22⊥q21⊥ − q22⊥ ln q
2
1⊥
q22⊥
]
− k
µ
⊥
q21⊥
]
− 1
2
(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)(
ln2
q21⊥
q22⊥
+
2
∣∣k2⊥∣∣ǫ
ǫ2
− π2
)
. (3.17)
For N = 4 SYM in the dimensional reduction scheme
γGR1R2 = γ
G(B)
R1R2
(
1− g¯2
[
[−k2⊥]ǫ
ǫ2
− π
2
2
+
1
2
ln2
[q21⊥
q22⊥
]])
. (3.18)
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3.3 Vertices for two-particle jets
Now we turn to vertices which are absent in the LLA and appear in the NLLA. They are needed
in the Born approximation only.
Scattering vertices
We will present the vertices ΓRJP of the transition of a particle P to a two-particle jet J . The
vertex of the inverse transition ΓRPJ =
(
ΓRJP
)∗
. We denote the momentum of the initial particle
k and the momenta of the final particles l1, l2, total jet momentum is l = l1 + l2, l
+ = k+
(remind, we are in the particle A fragmentation region),
k = k+n1 − k
2
⊥
2k+
n2 + k⊥ , li = xil
+n1 − l
2
i⊥
2xil+
n2 + li⊥, i = 1, 2, x1 + x2 = 1. (3.19)
The vertex of quark → quark-gluon jet transition ΓR{QG}Q has the same form as in
QCD [35,49]. It can also be written as in [50]:
ΓR{QG}Q = g
2e∗⊥µu¯(l1)
n/2
2k+
[
tGi t
R
i
(Aµb (x2l1⊥ − x1l2⊥)−Aµb (l1⊥ − x1k⊥))
− tRi tGi
(Aµb (−l2⊥ + x2k⊥)−Aµb (l1⊥ − x1k⊥))]u(k) , (3.20)
where e is the gluon polarization vector, quark colour and flavour wave functions are included
in u¯(l1) and u(k),
Aµb (p) = −
1
p2
(x1γ
µp/+ p/γµ) . (3.21)
Let us present the vertices of the gluon G transition to pairs {P1(l1), P¯2(l2)} in the form
ΓR{P1P¯2}G = g
2e⊥µ
(
TGTRAµP1P2(k) + T
RTGAµP2P1(k)
)
, (3.22)
where TR are the colour group generators for produced particles in the corresponding repre-
sentation. Generators
(
TRTG
)
P1P2
and
(
TGTR
)
P1P2
operate with the colour wave functions
of the particle produced in (3.22).
For gluon → quark-antiquark transition one has
Aµ
QQ¯
(k) = u¯(l1)
n/2
2k+
(Aµp (l1⊥ − x1k⊥)−Aµp(x2l1⊥ − x1l2⊥))v(l2) , (3.23)
with
Aµp(p) =
1
p2
(x1γ
µp/− x2p/γµ) . (3.24)
The second term in (3.22) reads as follows (the minus sign is associated with Fermi statistics)
Aµ
Q¯Q
(k) = −Aµ
QQ¯
(k)
∣∣∣
l1↔l2
= −u¯(l1) n/2
2k+
(Aµp(−l2⊥ + x2k⊥)−Aµp(x2l1⊥ − x1l2⊥))v(l2) . (3.25)
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Let us note that the vertex ΓR
{QQ¯}G
[51] can be obtained from ΓR{QG}Q by crossing, i.e. by
the replacement
x2 → 1
x2
, x1 → −x1
x2
, l2⊥ ↔ −k⊥, e∗⊥µ → e⊥µ, u(k)→ v(l2) . (3.26)
The gauge invariant gluon → gluon-gluon jet Reggeon vertex ΓR{G1G2}G was obtained
in [52]. In the light-cone gauge we have [51] for the representation (3.22):
AµG1G2(k) = 2e
∗ν
1⊥e
∗ρ
2⊥
(Aµνρ(l1⊥ − x1k⊥)−Aµνρ(x2l1⊥ − x1l2⊥)) , (3.27)
where e1,2 are the polarization vectors of the gluons G1,2 with the momenta l1,2, and
Aµνρ(p) = 1
p2
(
x1x2g
νρpµ − x1gµνpρ − x2gµρpν
)
. (3.28)
For the vertex of the scalar pair {S(l1), S¯(l2)} production by the gluon G(k) [42] we
have in (3.22)
Aµ
SS¯
(k) = −2
(
Mµp (l1⊥ − x1k⊥)−Mµp (x2l1⊥ − x1l2⊥)
)
, (3.29)
where
Mµp (p) = x1x2
pµ
p2
. (3.30)
The scalar → scalar-gluon jet vertex can be easily obtained from the previous one by
the crossing replacement (3.26):
ΓR{GS′}S = −2g2e∗⊥µ
[(
T Gr T Rr
)
S′S
(
Mµb (x2l1 − x1l2)−Mµb (l1 − x1k)
)
(3.31)
−
(
T Rr T Gr
)
S′S
(
Mµb (−l2 + x2k)−Mµb (l1 − x1k)
)]
, Mµb (p) = x1
pµ⊥
p2⊥
.
The rest particle → two-particle jet transitions exist due to Yukawa-type interaction.
The Reggeon vertices for these transitions in SYM were calculated in [42]. The scalar →
quark-antiquark vertex is written as
ΓR{QiQ¯j}Sr = −ggY u¯i(l1)
n/2
2k+
[
tRi (R
r
ij)
Sr
(
(x2l/1 − x1l/2)⊥
(x2l1 − x1l2)2⊥
+
(l/2 − x2k/)⊥
(l2 − x2k)2⊥
)
+
+(Rrij)
SrtRj
(
(x1l/2 − x2l/1)⊥
(x2l1 − x1l2)2⊥
+
(l/1 − x1k/)⊥
(l1 − x1k)2⊥
)]
[γ5]rvj(l2) ,
(3.32)
where i is quark and j is and anti-quark flavour, r is the scalar flavour (Sr is the scalar colour
index); [γ5]r = 1 if S is the scalar, and [γ5]r = iγ5 for the pseudoscalar case. The crossing
vertex ΓR{Q′(l1)S(l2)}Q(k) is
ΓR{Q′iSr}Qj = −ggY u¯i(l1)
n/2
2k+
x2
[
tRi
[
(Rrji)
Sr
]†((l/1 − x1k/)⊥
(l1 − x1k)2⊥
+
(l2/− x2k/)⊥
(l2 − x2k)2⊥
)
+ (3.33)
+
[
(Rrji)
Sr
]†
tRj
(
(x2l/1 − x1l/2)⊥
(x2l1 − x1l2)2⊥
− (l/1 − x1k/)⊥
(l1 − x1k)2⊥
)]
[γ5]ruj(k) .
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Production vertices
Denoting momenta of produced particles P1 and P2 as l1 and l2, of Reggeons R1, R2 momenta
as q1 and q2, q1 − q2 = l1 + l2 = l, we have for the jet production vertices:
γ
{P1P2}
R1R2
= g2
(
TR1TR2BP1P2(q1; l1, l2) + T
R2TR1BP2P1(q1; l2, l1)
)
, (3.34)
where TR are the colour group generators for produced particles. Here for quark-antiquark
production {Q(l1), Q¯(l2)} one has [53–55]
BQQ¯(q1; l1, l2) = u¯(l1)
n/2
l+
b(q1; l1, l2)v(l2) ,
BQ¯Q(q1; l2, l1) = −BQQ¯(q1; l1, l2)
∣∣∣
l1↔l2
= −u¯(l1)n/2
l+
b(q1; l2, l1)v(l2) ,
(3.35)
where
b(q1; l1, l2) =
l/1⊥(l/1⊥ − q/1⊥)
x1(q1 − l1)2⊥ + x2l21⊥
+
x1x2
Λ2⊥
[
q21⊥
(
l/1⊥Λ/⊥ − Λ/⊥l/2⊥
)
Λ2⊥ + x1x2l
2
⊥
+
Λ/⊥q/1⊥
x1
− q/1⊥Λ/⊥
x2
]
− 1 ,
b(q1; l1, l2) = γ
0b†(q1; l1, l2)γ
0 , Λµ⊥ =
(
x2l1 − x1l2
)µ
⊥
.
(3.36)
For the vertex of two-gluon {G1(l1), G2(l2)} production the result was obtained in the gauge
invariant form [52]. In the light-cone gauge (3.9) it reads as [56]:
BG1G2(q1; l1, l2) = 4e
∗α
1⊥e
∗β
2⊥
(
1
2
gαβ⊥
[
x1x2
Λ2⊥
(
−2(q1⊥,Λ⊥) + q21⊥
(Λ⊥, x2l1⊥ + x1l2⊥)
x2l21⊥ + x1l
2
2⊥
)
− x1x2 q
2
1⊥ − 2(q1⊥, l1⊥)
x1(q1 − l1)2⊥ + x2l21⊥
]
− x2l
α
1⊥q
β
1⊥ − x1qα1⊥(q1 − l1)β⊥
x1(q1 − l1)2⊥ + x2l21⊥
− x1q
2
1⊥l
α
1⊥(q1 − l1)β⊥
l21⊥(x1(q1 − l1)2⊥ + x2l21⊥)
+
x1q
α
1⊥Λ
β
⊥ + x2q
β
1⊥Λ
α
⊥
Λ2⊥
+
x1q
2
1⊥l
α
1⊥l
β
2⊥
l21⊥(x2l
2
1⊥ + x1l
2
2⊥)
− x1x2q
2
1⊥
Λ2⊥(x2l
2
1⊥ + x1l
2
2⊥)
(
Λα⊥l
β
2⊥ + l
α
1⊥Λ
β
⊥
))
.
(3.37)
For the vertex of two scalar {S(l1)S¯(l2)} production one has [31]:
BSS¯(q1; l1, l2) = 2q
2
1⊥x1x2
{[
x2 − x1
(l1 − x1q1)2⊥ + x1x2q21⊥
+ 2
(q1,Λ)⊥
q21⊥Λ
2
⊥
− (3.38)
− 2 (q1, l1 − x1q1)⊥
q21⊥[(l1 − x1q1)2⊥ + x1x2q21⊥]
]
−
[
q1 → l
]}
.
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4 Bootstrap approach to the proof of the multi-Regge am-
plitude form
4.1 Bootstrap relations
In QCD, the scheme of the proof was formulated in [29]. The main point of the scheme is use
of the restrictions imposed on the amplitudes with negative signatures in all ti-channels by the
unitarity conditions.
Signature (positive or negative) is a quantum number attributed to Reggeons in the the-
ory of complex angular momenta. Amplitudes with Reggeon exchanges have corresponding
signatures. At high energy it means the corresponding symmetry with respect to the sign
change of the energy variables. The signature of the Reggeized gluon is negative, i.e. the MRK
amplitudes with the Reggeized gluon exchange in the channel ti are odd with respect to the
replacements sjk → −sjk, (sjk) = (ki + kj)2 for k ≥ i ≥ j + 1. For the MRK amplitudes in the
Born approximation this property is fulfilled for any ti thanks to the common factor s. There-
fore the Born amplitudes have negative signatures in all ti–channels and can be considered as
amplitudes with Reggeized gluon exchanges in all these channels. In higher approximations
conventional amplitudes are given by a sum of amplitudes with definite signatures (they are
called signaturized amplitudes) in some set of the ti–channels over all sets and over positive and
negative signatures in each channel. But the leading contribution is given by the amplitudes
with negative signatures in all the ti–channels. Indeed, due to the negative signature of the
Born amplitudes the symmetry of the radiative corrections is opposite to the signature of the
amplitudes. It leads to cancellation of the leading logarithmic terms in the amplitudes with the
positive signatures. The amplitudes with the positive signature even in one of the ti-channels
loose at least one power of logarithm in the imaginary part and two powers in the real part.
Therefore with the NLLA accuracy the real part of the conventional amplitude presented in
(2.1) coincides with the real part of the amplitude A{−}2→2+n with the Reggeized gluons (i.e. with
the negative signatures) in all the ti channels, ℜA2→2+n = ℜA{−}2→2+n.
According to the Steinmann theorem [57] on absence of simultaneous singularities of am-
plitudes in overlapping channels (two channels si1,j1 and si2,j2 are called overlapping if either
i1 < i2 ≤ j1 < j2 or i2 < i1 ≤ j2 < j1), the amplitude A{−}2→2+n can be presented as a sum
of contributions corresponding to various sets of the n + 1 non-overlapping channels [58, 59].
Each of the contributions is a series in logarithms of independent energy variables sik,jk of the
non-overlapping channels symmetrized with respect to simultaneous change of signs of all si,j
with i < k ≤ j, performed independently for each k = 1, ..., n + 1, with the coefficients which
are real functions of transverse momenta. Using the equality
discs[ln
r(−s) + lnr(s)]
−πi =
∂
∂ ln s
ℜ[lnr(−s) + lnr(s)] (4.1)
valid with the NLLA accuracy, one can obtain, with the same accuracy, the "differential dis-
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persion relation" [60]:
1
−πi
(
n+1∑
l=j+1
discsj,l −
j−1∑
l=0
discsl,j
)
A{−}2→2+n
/
s =
∂
∂yj
(
ℜA{−}2→2+n
/
s
)
. (4.2)
which permit to express the partial derivatives ∂/∂yj of the real parts of the amplitudes A{−}2→2+n
(divided by s) in terms of their discontinuities. The important point here is that with the
NLLA accuracy the discontinuities themselves can be calculated using the real parts of A2→2+n
in the unitarity conditions in the si,j channels. On the other hand, the derivatives ∂/∂yj
determine dependence of ℜA2→2+n/s on ln si,j, so that using (4.2) one can restore ℜA2→2+n/s
unambiguously order by order in powers of ln si,j starting from the initial conditions (in the
NLLA these conditions include, besides the tree amplitudes, one loop amplitudes at some energy
scale).
As it was explained before, with the NLLA accuracy ℜA{−}2→2+n can be replaced by ℜA2→2+n,
where A2→2+n is the conventional amplitude. Assuming that ℜA2→2+n (4.2) in the right part
of (4.2) has the multi-Regge form (2.1), we come to the relations (which are called bootstrap
relations)
1
−πi
(
n+1∑
l=j+1
discsj,l −
j−1∑
l=0
discsl,j
)
A{−}2→n+2 = (ω(tj+1)− ω(tj))ℜA2→n+2 . (4.3)
It follows from the foregoing that fulfilment of these relations with the discontinuities in the
left side calculated using ℜA2→n+2 in the unitarity conditions ensures the Reggeized form of
energy dependent radiative corrections. Therefore, in order to prove the validity of the multi-
Regge form (2.1) in the NLLA (assuming that this form is correct at some scale in the one loop
approximation) enough to prove that the bootstrap relations (4.3) are fulfilled. At first glance,
this problem seems insoluble because of the infinite number of these relations. However, it
turns out [29] that the infinite set of the bootstrap relations (4.3) is fulfilled if several nonlinear
conditions (which are called bootstrap conditions) imposed on the Reggeon vertices and the
gluon trajectory hold true. This statement plays a crucial role in the proof of the correctness
of the form (2.1). It was proved in QCD using the operator form of the discontinuities [29]
in the left side of (4.3). The proof remains valid for Yang-Mills theories containing fermions
and scalars in arbitrary representations of the colour group with any Yukawa-type interaction
despite of change of the fermion contributions and appearance additional scalar contributions
to the discontinuities.
Representation of the discontinuities
The operator form is defined in the space of states |G1G2〉 of two t-channel Reggeons with the
orthonormality property
〈G ′1G ′2|G1G2〉 = ~r 21 ~r 22 δ(~r1 − ~r ′1)δ(~r2 − ~r ′2)δG1G′1δG2G′2 , (4.4)
where ~ri and ~r
′
i are the Reggeon transverse momenta and Gi and G ′i are their colour indices. The
main elements of this form are the impact factors for particle-jet and Reggeon-jet transitions
12
A B
J0 Jn+1J1 JkJk−1 Jk+1 Jn
ΓJ0A
|Jn+1B〉〈JkRk|
γ
Jk−1
Rk−1Rk Ĵk+1 ĴnγJ1R1R2
eK̂(yk−yk+1) eK̂(yn−yn+1)
q1 qk
Figure 2. Schematic representation of the discontinuity of A{−}2→n+2 in sk,n+1-channel
The zig-zag lines represent Reggeized gluon exchange. The dashed line denotes on-mass-shell
states in the unitarity condition. The right and the left black ovals represent the impact-factors
for particle-jet and Reggeon-jet transitions respectively. The right-angled grey blocks denote
the operators of the jet production. The blank right-angled block in the tk+1-channel represents
the operator eKˆ(yk−yk+1).
and the operators of the BFKL kernel Kˆ(yk − yk+1) and the jet production. Remind that we
use the notion jet both for a single particle and for a couple of particles having longitudinal
momenta of the same order. As an example, let us present the discontinuity of A{−}2→n+2 in
sk,n+1-channel (for a schematic representation of this discontinuity see Fig. 2):
− 4i(2π)D−2δ⊥(qk − qn+1 −
n∑
l=k
kl)discsk,n+1A{−}2→2+n =
= 2sΓR1J0A
eω(q1)(y0−y1)
q21⊥
(
k∏
l=2
γ
Jl−1
Rl−1Rl
eω(ql)(yl−1−yl)
q2l⊥
)
〈JkRk|
(
n∏
l=k+1
eK̂(yl−1−yl)Ĵl
)
eK̂(yn−yn+1)|Jn+1B〉.
Here the ket-states |Jn+1B〉 and the bra-states 〈JkRk| denote the impact factors for the particle-
jet B → Jn+1 and the Reggeon-jet Rk → Jk transitions respectively, K̂ and Ĵl are the operators
of the BFKL kernel and the jet production. The states are defined by their projections on the
two-Reggeon states with the normalization (4.4) and the operators are specified by their matrix
elements.
The discontinuity in any si,j - channel (i < j) can be obtained from (4.1) by an appropriate
substitution. If i = 0, k must be changed on i, all factors besides 2s on the left from 〈JkRk|
must be omitted and 〈JkRk| must be replaced by 〈J0A|; if j < n + 1, n must be changed on
j− 1 and |Jn+1B〉 must be replaced by e
ω(qj+1)(yj−yj+1)
q2
(j+1)⊥
(∏n+1
m=j+2 γ
Jm−1
Rm−1Rm
eω(qm)(ym−1−ym)
q2
m⊥
)
Γ
Rn+1
Jn+1B
.
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The BFKL kernel consists of two parts,
Kˆ = ω(rˆ1) + ω(rˆ2) + Kˆr, (4.5)
where the “virtual” part is given by the gluon trajectories and the “real” part Kr appears from
real particle production. In the NLO
Kˆr = Kˆ∆r − KˆBr KˆBr ∆ , (4.6)
where ∆≫ 1 is an auxiliary parameter serving for separation of QMRK from pure MRK, KBr
is the LO (Born) real kernel and
〈G1G2|Kˆ∆r |G ′1G ′2〉 = δ⊥(r1 + r2 − r′1 − r′2)
∑
J
∫
γJG1G′1γ
G2G′2
J
dφJ
2(2π)D−1
θ(∆−∆J ). (4.7)
Here the sum is taken over all possible jets and over all discrete quantum numbers of these
jets, γ
G2G′2
J is the effective vertex for absorption of the jet J in the Reggeon transition G ′2 → G2
which is related to γJ¯G2G′2
by the change of signs of longitudinal momenta and the corresponding
change of wave functions;
dφJ = (2π)
DδD
(
lJ −
∑
i
li
) 1
n!
dl2J
2π
∏
i
dD−1li
2l0i (2π)
D−1
, (4.8)
where li are the jet particle momenta, n is a number of identical particles in the jet; ∆J in (4.7)
is the interval between the rapidities zi =
1
2
ln[l+i /l
−
i ] of the jet particles. In the Born kernel the
second term in (4.6) is omitted and only one-gluon production in the LO is accounted in (4.7).
Formally the representation of the kernel by Eqs. (4.5)–(4.8) remains the same as in QCD.
The difference is in appearance of new Reggeon vertices in the sum over J in (4.7) and in
the changes of the gluon trajectory and of the QCD Reggeon vertices because of dependence
of the fermion contributions on representation of the colour group and appearance of scalar
contributions. The same applies to the representations of the impact factors and the operator
of the jet production. Remind that they have to be taken in the NLO in the case of one-particle
jets and in the LO in the case of two-particle jets. The particle-particle impact-factor for the
B → B′ (B and B′ can be two-particle jets as well) transition is represented by the ket-state
|B¯′B〉 defined as
|B¯′B〉 = |B¯′B〉∆ −
(
ω(rˆ21⊥) ln
∣∣∣∣ rˆ1⊥qB⊥
∣∣∣∣+ ω(rˆ22⊥) ln ∣∣∣∣ rˆ2⊥qB⊥
∣∣∣∣+ KˆBr ∆) |B¯′B〉B, (4.9)
where |B¯′B〉B is the LO (Born) impact factor and
〈G1G2|B¯′B〉∆ = δ⊥(qB − r1 − r2)
∑
J
∫ (
ΓG1JBΓ
G2
B′J − ΓG2JBΓG1B′J
)
dφJ
∏
l
θ
(
∆− (zl − yB)
)
. (4.10)
Here qB = pB′ − pB, zl are the rapidities of particles in the intermediate jets and yB =
ln |qB⊥|/(
√
2p−B). case when B or B
′ is a two-particle jet, only the first term must be kept
in Eq. (4.9); moreover, only the Born approximation for this term must be taken in Eq. (4.10).
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For completeness let us present the impact-factor of the A → A′ transition, although it is
not necessary since it can obtained from (4.9), (4.10) by the “left ↔ right” exchange, which
means | 〉 ↔ 〈 |, A↔ B, ~ri ↔ −~ri, zl ↔ −zl yA ↔ −yB, ~qi ↔ −~qi,+↔ −.
〈A′A¯| = 〈A′A¯|∆ − 〈A′A¯|B
(
ω(rˆ21⊥) ln
∣∣∣∣ rˆ1⊥qA⊥
∣∣∣∣+ ωB(rˆ2) ln ∣∣∣∣ rˆ22⊥qA⊥
∣∣∣∣ + KˆBr ∆) , (4.11)
〈A′A¯|G1G2〉∆ = δ⊥(qA − r1 − r2)
∑
A˜
∫ (
ΓG1
A˜A
ΓG2
A′A˜
− ΓG2
A˜A
ΓG1
A′A˜
)
dφA˜
∏
l
θ
(
∆− (yA − zl)
)
, (4.12)
where qA = pA − pA′, yA = ln(
√
2p+A/|qA⊥|).
Accordingly, the Reggeon-particle impact factors are defined as
|J¯iRi+1〉 = |J¯iRi+1〉∆ −
(
ω(q2(i+1)⊥)
2
ln
∣∣∣∣ k2i⊥|q(i+1)⊥ − rˆ1⊥||q(i+1)⊥ − rˆ2⊥|
∣∣∣∣
−ω(rˆ
2
1⊥)
2
ln
∣∣∣∣ k2i⊥|q(i+1)⊥ − rˆ1⊥|rˆ1⊥
∣∣∣∣− ω(rˆ22⊥)2 ln
∣∣∣∣ k2i⊥|q(i+1)⊥ − rˆ2⊥|rˆ2⊥
∣∣∣∣+ KˆBr ∆) |J¯iRi+1〉B , (4.13)
〈G1G2|J¯iRi+1〉∆ = δ⊥(q(i+1) + ki − r1 − r2)×
×
∑
J
∫ (
γJG1Ri+1Γ
G2
JiJ
− γJG2Ri+1ΓG1JiJ
)
dφJ
∏
l
θ
(
∆− (zl − yi)
)
, (4.14)
and
〈JiRi| = 〈JiRi|∆ − 〈JiRi|B
(
ω(q2i⊥)
2
ln
∣∣∣∣ k2i⊥|qi⊥ − rˆ1⊥||qi⊥ − rˆ2⊥|
∣∣∣∣
−ω(rˆ
2
1⊥)
2
ln
∣∣∣∣ k2i⊥|qi⊥ − rˆ1⊥|rˆ1⊥
∣∣∣∣− ω(rˆ22⊥)2 ln
∣∣∣∣ k2i⊥|qi⊥ − rˆ2⊥|rˆ2⊥
∣∣∣∣+ KˆBr ∆) , (4.15)
〈JiRi|G1G2〉∆ = δ⊥(r1 + r2 − qi + ki)×
×
∑
J
∫ (
γJRiG1Γ
G2
JiJ
− γJRiG2ΓG1JiJ
)
dφJ
∏
l
θ
(
∆− (yi − zl)
)
. (4.16)
And finally, the operators Jˆi for production of jets Ji are defined as
Jˆi = Jˆ ∆i −
(
KˆBr Jˆ Bi + Jˆ Bi KˆBr
)
∆, 〈G1G2|Jˆ ∆i |G ′1G ′2〉 = δ⊥(r1 + r2 − ki − r′1 − r′2)×
×
[
γJiG1G′1
δ⊥(r2 − r′2)r 22⊥δG2G′2 + γJiG2G′2δ
⊥(r1 − r′1)r 21⊥δG1G′1 +
+
∑
G
yi+∆∫
yi−∆
dzG
2(2π)D−1
(
γ
{JiG}
G1G′1
γ
G2G′2
G + γ
G
G1G′1
γ
G2G′2
JiG
)]
. (4.17)
Here the last term appears only in the case when Ji ≡ Gi is a single gluon, the sum in this
term goes over quantum numbers of the intermediate gluon G and the vertices must be taken
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in the Born approximation. At that γ
{JiG}
G1G′1
is the vertex for production of the jet consisting of
the gluons Gi and G, γ
G2G′2
GiG
is the vertex for absorption of gluon G and production of gluon
Gi in the G2 → G ′2 transition; it can be obtained from γ{GiG}G2G′2 by crossing with respect to the
gluon G.
4.2 Bootstrap conditions
In QCD, it was proved in [29] that an infinite number of the bootstrap relations (4.3) providing
the validity of the multi-Regge form (2.1) in the NLLA is fulfilled if several bootstrap conditions
are performed. This statement remains correct for Yang-Mills theories containing fermions and
scalars in arbitrary representations of the colour group with any Yukawa-type interaction,
because formally all components of the discontinuities entering in the bootstrap relations (4.3)
differ from corresponding components in QCD only by appearance of new Reggeon vertices and
by the changes of the gluon trajectory and of the QCD Reggeon vertices due to dependence
of the fermion contributions on representation of the colour group and emergence of scalar
contributions. Moreover, the bootstrap conditions have the same form as in QCD. They ere
the following.
The particle-jet impact factors are proportional to their Reggeon vertices:
〈A′A| = g〈Rω(qA)|ΓRA′A , |B′B〉 = gΓRB′B|Rω(qB)〉 , (4.18)
where ΓRA′A and Γ
R
B′B are the Reggeon vertices, qA = pA − pA′, qB = pB′ − pB, and |Rω(q)〉
are the universal (process independent) states.
The states |Rω(q)〉 are the eigenstate of the kernel Kˆ with the eigenvalues ω(q)
(Kˆ − ω(q))|Rω(q)〉 = 0, 〈Rω(q)|(Kˆ − ω(q)) = 0. (4.19)
Moreover, they satisfy the orthonormality relations
g2t
2(2π)D−1
〈R′ω(q′)|Rω(q)〉 = −ω(t)δ⊥(q − q′)δRR
′
. (4.20)
The Reggeon-particle impact factors and the jet production vertices satisfy the conditions
gq2i⊥〈Rω(qi)|Jˆi + 〈JiRi| = gγJiRiRi+1〈Rω(qi+1)|,
gq2(i+1)⊥Jˆi|Rω(qi+1)〉+ |JiRi+1〉 = gγJiRiRi+1 |Rω(qi)〉 . (4.21)
The summation over Reggeon colour index R in the right-hand sides of Eqs. (4.18) and (4.21)
is assumed.
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5 Proof of fulfilment of the bootstrap conditions
In QCD, the bootstrap conditions (4.18)-(4.20) were formulated in [61–65, 67] and their fulfil-
ment was proved in [49, 51, 56, 62, 64–66, 68–70]. The bootstrap conditions (4.21) were derived
in [67] and their fulfilment was proved in [71–73].
To extend the proof to Yang-Mills theories of general form one has to take three steps. First,
one needs to generalize the proof of the QCD bootstrap conditions to the case of fermions in
arbitrary representation of the colour group. Second, one has to prove that contributions of
scalars in these conditions don’t violate their fulfilment. And third, one has to prove fulfilment
of new bootstrap conditions.
5.1 Impact-factors for particle-jet transitions
We have to separate consideration of one-particle and two-particle jets. Corresponding impact
factors we will call particle → particle and particle → jet ones. In the NLLA the first ones
must be taken in the NLO, while for the second ones the Born approximation is sufficient. Let
us start with particle-particle impact factors.
5.1.1 Particle → particle impact-factors
In QCD they are the gluon and quark ones. The first of them was obtained in [51]. The
derivation presented there permits to generalize the quark contribution to this impact factor to
any representation of the colour group. Using also the results of [42] for the scalar contribution,
we obtain
〈G′G|G1G2〉 = δ⊥(q − r1 − r2)g2e(pG)⊥µe(pG′)∗⊥νTRG′GTRG1G2
{
−gµν⊥
[
1− g¯2 Γ
2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(−q2⊥)ǫ
[
K˜1
+
((
r 21⊥
q 2⊥
)ǫ
+
(
r 22⊥
q 2⊥
)ǫ
− 1
)(
1
2ǫ
+ ψ(1 + 2ǫ)− ψ(1 + ǫ) + a1
2(1 + 2ǫ)(3 + 2ǫ)
)
+
3
2ǫ
+ 2ψ(1)− ψ(1 + ǫ)− ψ(1 + 2ǫ)− (1 + ǫ)
2 a1 + 2ǫ
2a2
2(1 + ǫ)2(1 + 2ǫ)(3 + 2ǫ)
]
−
(
gµν⊥ − (D − 2)
qµ⊥q
ν
⊥
q2⊥
)
g¯2
Γ2(1 + ǫ)
Γ(4 + 2ǫ)
(−q2⊥)ǫ
2a2
(1 + ǫ)
}
, (5.1)
where q = r1 + r2 and
K˜1 = −(4π)
2+ǫΓ(1 + 2ǫ)ǫ (−q 2⊥)−ǫ
4Γ(1− ǫ)Γ2(1 + ǫ)
∫
dD−2l
(2π)D−1
ln
(
q 2⊥
l2⊥
)
q 2⊥
(l − r1)2⊥(l + r2)2⊥
=
1
2ǫ
(
2−
(
r 21⊥
q 2⊥
)ǫ
−
(
r 22⊥
q 2⊥
)ǫ)
+
ǫ
2
ln
(
r 21⊥
q 2⊥
)
ln
(
r 22⊥
q 2⊥
)
− 4ǫ2ζ(3) +O(ǫ3) . (5.2)
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Remind that
a1 = 11 + 7ǫ− 4(1 + ǫ)ξf − ξs, a2 = 1 + ǫ− 2ξf + ξs (5.3)
and the coefficients a1 and a2 vanish in N = 4 SYM in the dimensional reduction.
Comparing (5.1) with gluon-gluon-Reggeon vertex (3.10) we see that the bootstrap relation
(4.18) is fulfilled if
〈Rω(q)|G1G2〉 = δ⊥(q − r1 − r2)TRG1G2
(
1− g¯2 Γ
2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(−q2⊥)ǫ
[
K˜1 +
((
r 21⊥
q 2⊥
)ǫ
+
(
r 22⊥
q 2⊥
)ǫ
− 1
)
×
{
1
2ǫ
+ ψ(1 + 2ǫ)− ψ(1 + ǫ) + a1
2(1 + 2ǫ)(3 + 2ǫ)
}
− 1
2ǫ
+ ψ(1) + ψ(1 + ǫ)− ψ(1− ǫ)− ψ(1 + 2ǫ)
])
. (5.4)
The quark impact factor in QCD was obtained in [49]. The calculations presented there can
be easily generalized to any quark representation of the colour group. Scalars give contributions
to the quark impact factors due to their gauge and Yukawa-type interactions. The first ones
come from vacuum polarization diagrams only and are obtained from corresponding quark
contributions by the replacement ξf → ξs/(4(1 + ǫ)). As for the second ones, fulfilment of the
bootstrap conditions (4.18) for them was proved recently [42] in the general form, for all impact
factors, using the analytic properties of the amplitudes whose imaginary parts are associated
with the impact factors and the vertices in the bootstrap conditions (4.18). Using these results,
we obtain
〈Q′fQi|G1G2〉 = δ⊥(q − r1 − r2)δfig2u¯f(p′)tRi
n/2
2p+
ui(p) T
R
G1G2
[
1− g¯2 Γ
2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(−q2⊥)ǫ
[
K˜1
+
((
r 21⊥
q 2⊥
)ǫ
+
(
r 22⊥
q 2⊥
)ǫ
− 1
)(
1
2ǫ
+ ψ(1 + 2ǫ)− ψ(1 + ǫ) + a1
2(1 + 2ǫ)(3 + 2ǫ)
)
+
1
2ǫ
+ 2ψ(1)− ψ(1 + ǫ)− ψ(1 + 2ǫ) + a1 − 3(3 + 2ǫ)
2(1 + 2ǫ)(3 + 2ǫ)
+
(
2C iF
Nc
− 1
)(
1
ǫ
− 3− 2ǫ
2(1 + 2ǫ)
)]]
+ δ⊥(q − r1 − r2)ΓR(Y )Q′
f
Qi
gTRG1G2 . (5.5)
Fulfilment of the bootstrap condition (4.18) for the quark impact factor follows from comparison
of this result with (3.12) and (5.4).
To obtain the impact factors for scalar particles we use the results of [42]. In this paper
they were calculated in SYM and in the special scheme which simplifies check of the bootstrap
conditions (we call it bootstrap scheme). Generalization of the results of [42] to any representa-
tions of the colour group for quarks and scalars is carried out in the same way as for the quark
impact factors. Going well to the standard scheme with the help of the equality
〈RBω (q)|Ûq|G1G2〉 = δ⊥(q − r1 − r2)TRG1G2 g¯2
Γ2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(−q2⊥)ǫ
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×
[
−K˜1 +
((
r 21⊥
q 2⊥
)ǫ
+
(
r 22⊥
q 2⊥
)ǫ)(
1
2ǫ
− ψ(1)− ψ(1 + ǫ) + ψ(1− ǫ) + ψ(1 + 2ǫ)
)
−
(
r 21⊥
q 2⊥
)ǫ
ln
(
r 21⊥
q 2⊥
)
−
(
r 22⊥
q 2⊥
)ǫ
ln
(
r 22⊥
q 2⊥
)]
, (5.6)
where
〈G ′1G ′2|ÛK |G1G2〉 = g2δ⊥(r′1 + r′2 − r1 − r2)T aG′1G1T
a
G2G′2
r
′2
1⊥r
′2
2⊥
(2π)D−1
(
r
′α
1⊥
r
′2
1⊥
+
(r1 − r′1)α⊥
(r1 − r′1)2⊥
)
×
×
(
r
′
2⊥α
r
′2
2⊥
+
(r2 − r′2)⊥α
(r2 − r′2)2⊥
)
ln
[ K2⊥
(r′1 − r1)2⊥
]
=
1
2
ln
[ K2⊥
(r1 − r′1)2⊥
]
〈G ′1G ′2|K̂Br |G1G2〉
(5.7)
and K˜1 is defined in (5.2), we obtain
〈S ′r′Sr|G1G2〉 = δ⊥(q − r1 − r2)δr′rg2(T Rr )S′
r′
Sr T
R
G1G2
[
1− g¯2 Γ
2(1 + ǫ)
ǫΓ(1 + 2ǫ)
(−q2⊥)ǫ
[
K˜1
+
((
r 21⊥
q 2⊥
)ǫ
+
(
r 22⊥
q 2⊥
)ǫ)(
1
2ǫ
+ ψ(1 + 2ǫ)− ψ(1 + ǫ) + a1
2(1 + 2ǫ)(3 + 2ǫ)
)
+2ψ(1)− 2ψ(2 + 2ǫ) +
(
2CrS
Nc
)(
1
ǫ
− 2
(1 + 2ǫ)
)]
+ δ⊥(q − r1 − r2)ΓR(Y )S′
r′
Sr
gTRG1G2 . (5.8)
Fulfilment of the bootstrap condition (4.18) for scalar scattering follows from comparison of
this result with (3.13) and (5.4).
5.1.2 particle → jet impact factors
For particle → jet transitions A→ A′ = {P1P2} the bootstrap condition (4.18) takes the form
〈{P1P2}A|G1G2〉 = gΓR{P1P2}A〈Rω(q)|G1G2〉 , (5.9)
where
〈{P1P2}A|G1G2〉 = δ⊥(k − k1 − k2 − r1 − r2)
(∑
{A′}
ΓG2{P1P2}A′Γ
G1
A′A+ (5.10)
+
∑
{P ′1}
ΓG2
P1P
′
1
ΓG1{P ′1P2}A
+
∑
{P ′2}
ΓG2
P2P
′
2
ΓG1{P1P ′2}A
)
− {G1 ↔ G2} .
As it was already pointed out we need to consider Eqs. (5.9) and (5.10) in the LO only. In
this approximation fulfilment of the bootstrap conditions (5.9) can be proved without explicit
forms of the impact factors [42]. Indeed, using the old-fashioned perturbation theory we can
write
ΓR{CD}B =
∑
B′
V{CD}B′Γ
R
B′B
2ǫB′(ǫC + ǫD − ǫB′) +
∑
C′
ΓRCC′V{C′D}B
2ǫB(ǫB − ǫD − ǫC′) +
∑
D′
ΓRDD′V{CD′}B
2ǫB(ǫB − ǫD′ − ǫC) , (5.11)
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where V{BC}A is the vertex of the A → BC transition in which all particle momenta are
on the mass shell and all particle polarizations are physical. It is easy to see that in the
impact factor (5.10) the contributions resulting from use for ΓG2{P1P2}A′ the last two terms in the
representation (5.11) cancel the contributions resulting from use for ΓG1{P ′1P2}A
and ΓG1{P1P ′2}A
the
first term in (5.11). Further, the sum of the contributions coming from use for ΓG1{P ′1P2}A
the
third term in (5.11) and for ΓG1{P1P ′2}A
the second term cancel each other with account of the
antisymmetrization {G1 ↔ G2}. After these cancellation, it’s easy to see that fulfilment of (5.9)
follows from the relation ∑
B
ΓG1BAΓ
G2
CB − {G1 ↔ G2} = gTRG1G2ΓRCA , (5.12)
which is the LO bootstrap condition for the particle-particle impact factors.
5.2 Bootstrap conditions for the eigenfunction of the BFKL kernel
Fulfilment of the bootstrap conditions (4.19) and (4.20) were proved in QCD in [62, 63, 68–
70]. In fact, the proof can be applied to Yang-Mills theories with quarks and scalars in any
representations of the colour group and with any Yukawa-type interactions. First, the kernel Kˆ,
the eigenstate |Rω(q)〉 and the eigenvalue ω(q) don’t depend on the Yukawa-type interactions
at all. For the kernel it follows from its definition (4.5) – (4.7) and from the explicit form of the
Reggeon production vertices presented in Sections 3.2 and 3.3; for the trajectory and for the
eigenstate |Rω〉 it is seen from their explicit forms presented in (3.1) – (3.3) and (5.4). Second,
it’s seen also from these equations that the quark contributions to the trajectory and to the
eigenfunction depend on the quark representation only through ξf and the scalar contributions
is obtained from the quark one by the replacement ξf → ξs/(4(1 + ǫ)). The same is true for
the BFKL kernel in the antisymmetric adjoint representation of the colour group [31,74] which
enters into the bootstrap condition (4.19). Therefore generalization of the proof of fulfilment
of the bootstrap conditions (4.19) and (4.20) presented to Yang-Mills theories with quarks and
scalars in any representations of the colour group is trivial.
5.3 Bootstrap conditions for particle production in the central rapid-
ity region
In the NLLA, the bootstrap conditions (4.21) has to be fulfilled both for the production of a
single gluon and for the production of a two-particle jet. In the last case it has to be considered
in the LO. Let’s start with this case.
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5.3.1 Two-particle jet production
The jets can be two-gluon, quark-antiquark and two-scalar ones. Let us denote the particles in
the jet P1 and P2. The impact factor for transition of the Reggeon R1 into the jet has the form
〈{P1P2}R1|G1G2〉 = δ⊥(q1 − l1 − l2 − r1 − r2)
(∑
{P ′}
[
γ
{P1P ′}
R1G1
ΓG2P2P ′ + γ
{P ′P2}
R1G1
ΓG2P1P ′
]
+
+
∑
{G′}
ΓG2{P1P2}G′γ
G′
R1G1
)
− {G1 ↔ G2} , (5.13)
where q1 is the Reggeon momentum, l1, l2 are the particle P1 and P2 momenta respectively,
r1 and r2 are momenta of the Reggeized gluons G2 and G2. The vertices ΓRP ′P are defined in
(3.10)–(3.13) (remind that here we need them in the Born approximation only), ΓGR1R2 is given
by (3.16), the vertices ΓR{P1P2}G and γ
{P1P2}
R1R2
are defined in (3.22) and (3.34). The matrix element
of the jet production operator entering in the bootstrap condition (4.21) can be written as
〈Rω(q1)|ĴP1P2|G1G2〉=gδ⊥(q1 − l1 − l2 − r1 − r2)
(
TR1G1G′2
1
(q1 − r1)2⊥
γ
{P1P2}
G′2G2
+
+ TR1G′1G′2
1
(l1 + r1)2⊥(l2 + r2)
2
⊥
γP1G′1G1
γP2G′2G2
)
− {G1 ↔ G2} . (5.14)
The second term here exists only when P1 and P2 are gluons.
The impact factor (5.13) and the matrix element (5.14) contain six independent colour
structures. The can be chosen as {TaTbTc}S1S2 , where Ti are the colour group generators
for produced particles and a, b, c are permutations of R1,G1,G2. Equating the coefficients at
these structures in the left and right sides of the bootstrap condition one obtains six equation.
However, due to symmetry of the bootstrap condition with respect to interchange P1 ↔ P2 and
antisymmetry with respect to interchange G1 ↔ G2, only two of these equations are independent.
The structure TR1TG1TG2 gives
−BP1P2(q1; l1, l2 + r2⊥) + C⊥µ(r1, q1)AµP1P2(q1 − r1)−
q21⊥
(q1 − r1)2⊥
BP1P2(q1 − r1⊥; l1, l2) =
−BP1P2(q1; l1, l2) . (5.15)
Here BP1P2 are defined in equations (3.35), (3.37), and (3.38). Quantities A
µ
P1P2
(k) are defined
for quark-antiquark, two gluons, and two scalars in Eqs. (3.23), (3.27), (3.29) correspondingly.
And lastly,
C⊥µ(r1, q1) = −2
(
q1⊥ − q
2
1⊥
(q1 − r1)2⊥
(q1 − r1)⊥
)
µ
. (5.16)
Direct substitution of these expressions shows that the condition (5.15) holds.
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The second equation can be obtained using the colour structure TG1TR1TG2 . It looks as
− BP1P2(q1; l1 + r1⊥, l2)− BP2P1(q1; l2 + r2⊥, l1)− C⊥µ(r1, q1)AµP1P2(q1 − r1)−
− C⊥µ(r2, q1)AµP2P1(q1 − r2) + q21⊥
(
BP1P2(q1 − r1⊥; l1, l2)
(q1 − r1)2⊥
+
BP2P1(q1 − r1⊥; l2, l1)
(q1 − r2)2⊥
)
−
− (e
∗µ
1⊥C⊥µ(r1, l1 + r1)) (e
∗µ
2⊥C⊥µ(r2, l2 + r2))
(l1 + r1)2⊥(l2 + r2)
2
⊥
= 0 .
(5.17)
Here, the last term in the left-hand side appears only in the case of two-gluon jet production.
Check of fulfilment of (5.17) can be performed by direct substitution of the expressions (3.35)–
(3.38), and (3.22)–(5.16). The check can be simplified by taking the sum of (5.17), (5.15) and
(5.15) with the substitution P1 ↔ P2, r1 ↔ r2, that gives
−BP1P2(q1; l1 + r1⊥, l2)−BP2P1(q1; l2, l1 + r1⊥)−BP1P2(q1; l1, l2 + r2⊥)−BP2P1(q1; l2 + r2⊥, l1)−
− (e
∗µ
1⊥C⊥µ(r1, l1 + r1)) (e
∗µ
2⊥C⊥µ(r2, l2 + r2))
(l1 + r1)
2
⊥(l2 + r2)
2
⊥
= −BP1P2(q1; l1, l2)− BP2P1(q1; l2, l1) . (5.18)
5.3.2 Bootstrap conditions for the Reggeon-gluon impact factor
In QCD, the bootstrap conditions (4.21) were proved in Refs. [71,72]. The proof was generalized
for SYM theories in [42]. Here we extend the proof to Yang-Mills theories with fermions and
scalars in any representations of the gauge group.
First,we note that in the NLO the Yukawa-type interaction does not play any role in the
conditions (4.21). Then, the basic colour structures can be chosen in the same way as in QCD:
Tr[T G2TGT G1TR1] ,
Nc
2
TG
′
R1G1
TG
′
G2G
,
Nc
2
TG
′
R1G2
TG
′
G1G
. (5.19)
The first structure is symmetric with respect to the replacement G1 ↔ G2. The second and third
structures, which are referred to as the tree structures, are chosen to be identical to those in the
Born impact-factors. Convenience of the choice (5.19) is caused by that the virtual corrections
appear only at the tree structures and that the coefficients at the symmetric structure are
antisymmetric with respect to the replacement r1 ↔ r2 of the Reggeon momenta because the
total antisymmetry of the components of the bootstrap condition (4.21) (see (4.13) (4.17)).
As well as in [42, 72], consideration of the bootstrap condition (4.21) can be simplified by
using of the bootstrap scheme, where
〈GR1|∗ = 〈GR1|(1− Ûk), 〈Rω(q)|∗ = 〈Rω(q)|(1− Ûk), Ĝ∗ = (1 + Ûk)Ĝ(1− Ûk), (5.20)
where ÛK is defined in (5.7), k is the momentum of the gluon G. Use of this scheme permits to
avoid the calculation of the most complicated integrals both in the Reggeon-gluon impact-factor
and in the matrix elements of the gluon production operator. In this scheme the transformed
eigenfunction is calculated exactly in D = 4 + 2ǫ:
〈Rω(q1)|G1G2〉∗ = 〈Rω(q1)|(1− Ûk)|G1G2〉 = δ⊥(q1 − r1 − r2)TR1G1G2
(
1− g¯2Rk(r1, r2)
)
; (5.21)
22
Rk(r1, r2) =
(−(r1 + r2)2⊥)ǫ Γ2(1 + ǫ)ǫΓ(1 + 2ǫ)
{[ r21⊥
(r1 + r2)
2
⊥
]ǫ
ln
[(r1 + r2)2⊥
r21⊥
]
+
[ r22⊥
(r1 + r2)
2
⊥
]ǫ
× ln
[(r1 + r2)2⊥
r22⊥
]
+
([ r21⊥
(r1 + r2)2⊥
]ǫ
+
[ r22⊥
(r1 + r2)2⊥
]ǫ
− 1
)(
1
ǫ
+ ln
[ k2⊥
(r1 + r2)2⊥
]
+ ψ(1− ǫ)− ψ(1) + 2ψ(1 + 2ǫ)− 2ψ(1 + ǫ) + a1
2(1 + 2ǫ)(3 + 2ǫ)
)}
.
(5.22)
With O(ǫ) accuracy
Rk(r1, r2) =
[−k2⊥]ǫ
ǫ2
− 1
2
ln2
[k2⊥(r1 + r2)2⊥
r21⊥r
2
2⊥
]
+ ln
[ r21⊥
(r1 + r2)2⊥
]
ln
[ r22⊥
(r1 + r2)2⊥
]
+ a1
(
1
6ǫ
− 4
9
)
. (5.23)
Using the results of [71]- [73], [42], we obtain for the part of the transformed impact-factor
with the tree color structure:
〈GR1|G1G2〉∗tree = NµTG′R1G1TG
′
G2G
{(
(q1 − r1)µ⊥
(q1 − r1)2⊥
− q
µ
1⊥
q21⊥
)[
1− g¯
2
2
(
ln
[ r22⊥
(q1 − r1)2⊥
]
ln
[ k2⊥
r22⊥
]
+
+ ln
[q21⊥
r21⊥
]
ln
[(q1 − r1)2⊥
r21⊥
])]
+ g¯2
[
1
2
(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)(
ln
[(q1 − k)2⊥
q21⊥
]
ln
[(q1 − k)2⊥
k2⊥
]
−
− ln
[ r22⊥
(q1 − r1)2⊥
]
ln
[r22⊥
k2⊥
])
+
(
qµ1⊥
(q1, q1 − k)⊥
q21⊥
− kµ⊥
(k, q1 − k)⊥
k2⊥
)
I(q1⊥, k⊥)−
−
(
(q1 − r1)µ⊥
(q1 − r1, r2)⊥
(q1 − r1)2⊥
− kµ⊥
(r2, k)⊥
k2⊥
)
I(q1⊥ − r1⊥, k⊥)−
(
qµ1⊥
(q1, r1)⊥
q21⊥
− (q1 − r1)µ⊥
× (r1, q1 − r1)⊥
(q1 − r1)2⊥
)
I(q1⊥, r1⊥)−
(
(q1 − r1)µ⊥
(q1 − r1)2⊥
− k
µ
⊥
k2⊥
)
Rk(r1, q1 − r1)− V µ(q1 − r1, r2)+
+
(
qµ1⊥
q21⊥
− k
µ
⊥
k2⊥
)
Rk(r1, r2) + V
µ(q1, q1 − k)
]}
−NµTG′R1G2TG
′
G1G
{
r1 ↔ r2
}
,
(5.24)
where
Nµ = δ⊥(q1 − k − r1 − r2) 2g2q21⊥e∗⊥µ(k) , (5.25)
V µ(q1, q2) and Rk(r1, r2) are defined in (3.17) and (5.23) respectively,
I(q1⊥, q2⊥) =
1∫
0
dx
(xq1 + (1− x)q2)2⊥
ln
[ xq21⊥ + (1− x)q22⊥
x(1 − x)(q1 − q2)2⊥
]
;
I(q1⊥, q2⊥) = I(q1⊥, q1⊥ − q2⊥) = I(q2⊥, q2⊥ − q1⊥) . (5.26)
23
Corresponding part of the matrix element of the gluon production operator is
g2q21⊥〈Rω(q1)|Gˆ|G1G2〉∗tree = NµTG
′
R1G1
TG
′
G2G
{(
qµ1⊥
q21⊥
− (q1 − r1)
µ
⊥
(q1 − r1)2⊥
)[
1− g¯
2
2
(
ln
[ r22⊥
(q1 − r1)2⊥
]
× ln
[ k2⊥
r22⊥
]
+ ln
[q21⊥
r21⊥
]
ln
[(q1 − r1)2⊥
r21⊥
])]
+
(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)[
1− g¯
2
2
(
ln
[(q1 − k)2⊥
q21⊥
]
ln
[(q1 − k)2⊥
k2⊥
]
−
− ln
[ r22⊥
(q1 − r1)2⊥
]
ln
[r22⊥
k2⊥
])]
− g¯2
[(
qµ1⊥
(q1, q1 − k)⊥
q21⊥
− kµ⊥
(k, q1 − k)⊥
k2⊥
)
I(q1⊥, k⊥)−
−
(
(q1 − r1)µ⊥
(q1 − r1, r2)⊥
(q1 − r1)2⊥
− kµ⊥
(r2, k)⊥
k2⊥
)
I(q1⊥ − r1⊥, k⊥)−
(
qµ1⊥
(q1, r1)⊥
q21⊥
− (q1 − r1)µ⊥
× (r1, q1 − r1)⊥
(q1 − r1)2⊥
)
I(q1⊥, r1⊥)−
(
(q1 − r1)µ⊥
(q1 − r1)2⊥
− k
µ
⊥
k2⊥
)
Rk(r1, q1 − r1)− V µ(q1 − r1, r2)
]}
−
−NµTG′R1G2TG
′
G1G
{
r1 ↔ r2
}
.
(5.27)
The forms (5.24) and (5.27) are suitable to check the bootstrap condition (4.21). It’s easy to
see using them that
〈GR1|G1G2〉∗tree + g2q21⊥〈Rω(q1)|Gˆ|G1G2〉∗tree = NµTR2G1G2TGR1R2
[(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)
×
(
1− g¯2Rk(r1, r2)
)
+ g¯2V µ(q1, q1 − k)
]
= gγGR1R2〈Rω(q2)|G1G2〉∗ . (5.28)
The last equality follows from (3.15), (3.16) and (5.21).
For N=4 SYM in the dimensional reduction scheme (5.24) gives the result [27]
〈GR1|G1G2〉∗tree = NµTG′R1G1TG
′
G2G
{(
(q1 − r1)µ⊥
(q1 − r1)2⊥
− q
µ
1⊥
q21⊥
)[
1− g¯
2
2
(
ln
[(q1 − r1)2⊥
k2⊥
]
ln
[ k2⊥
r22⊥
]
+
+ ln
[q21⊥
r21⊥
]
ln
[(q1 − r1)2⊥q21⊥
(k2⊥)
2
]
+ 4
(−k2⊥)ǫ
ǫ
− 6ζ(2)
)]
+ g¯2
[
1
2
(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)(
ln
[(q1 − r1)2⊥
r22⊥
]
× ln
[ k2⊥
r22⊥
]
+ ln
[q22⊥
q21⊥
]
ln
[ k2⊥
q22⊥
])
+
(
qµ1⊥
(q1, q1 − k)⊥
q21⊥
− kµ⊥
(k, q1 − k)⊥
k2⊥
)
I(q1⊥, k⊥)−
−
(
(q1 − r1)µ⊥
(q1 − r1, r2)⊥
(q1 − r1)2⊥
− kµ⊥
(r2, k)⊥
k2⊥
)
I(q1⊥ − r1⊥, k⊥)−
(
qµ1⊥
(q1, r1)⊥
q21⊥
− (q1 − r1)µ⊥
× (r1, q1 − r1)⊥
(q1 − r1)2⊥
)
I(q1⊥, r1⊥)
]}
−NµTG′R1G2TG
′
G1G
{
r1 ↔ r2
}
,
(5.29)
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and (5.27) becomes
g2q21⊥〈Rω(q1)|Gˆ|G1G2〉∗tree = NµTG
′
R1G1
TG
′
G2G
{(
qµ1⊥
q21⊥
− (q1 − r1)
µ
⊥
(q1 − r1)2⊥
)[
1− g¯
2
2
(
4
(−k2⊥)ǫ
ǫ
+
+ ln
[(q1 − r1)2⊥
k2⊥
]
ln
[ k2⊥
r22⊥
]
+ ln
[q21⊥
r21⊥
]
ln
[(q1 − r1)2⊥q21⊥
(k2⊥)
2
]
− 6ζ(2)
)]
+
(
kµ⊥
k2⊥
− q
µ
1⊥
q21⊥
)
×
×
[
1− g¯
2
2
(
ln
[(q1 − r1)2⊥
k2⊥
]
ln
[ k2⊥
r22⊥
]
+ ln
[q21⊥
q22⊥
]
ln
[q21⊥
k2⊥
]
+ ln
[q22⊥
r21⊥
]
ln
[q22⊥r21⊥
(k2⊥)
2
]
+
+ 4
(−k2⊥)ǫ
ǫ
− 6ζ(2)
)]
− g¯2
[(
qµ1⊥
(q1, q1 − k)⊥
q21⊥
− kµ⊥
(k, q1 − k)⊥
k2⊥
)
I(q1⊥, k⊥)−
−
(
(q1 − r1)µ⊥
(q1 − r1, r2)⊥
(q1 − r1)2⊥
− kµ⊥
(r2, k)⊥
k2⊥
)
I(q1⊥ − r1⊥, k⊥)−
−
(
qµ1⊥
(q1, r1)⊥
q21⊥
− (q1 − r1)µ⊥
(r1, q1 − r1)⊥
(q1 − r1)2⊥
)
I(q1⊥, r1⊥)
]}
−NµTG′R1G2TG
′
G1G
{
r1 ↔ r2
}
.
(5.30)
The part of the Reggeon-gluon impact factor with the symmetric colour structure comes
from real gluon production only. It has the form [72]
〈GR1|G1G2〉∗sym = −Nµ2g¯
2
Nc
Tr[T G2TGT G1TR1]
1∫
0
dx1
{
(q1 − r1)µ⊥
(q1 − r1)2⊥
Γ2(1 + ǫ)
Γ(1 + 2ǫ)
×
× 2(−k
2
⊥)
ǫ
ǫx1−2ǫ1
+
(
x1k
µ
⊥
(r2 + x1k)2⊥
+
(q1 − r1)µ⊥
(q1 − r1)2⊥
(r22⊥ − x1k2⊥)
(r2 + x1k)2⊥
)
ln
[(r1 + x2k)2⊥(q1 − r1)2⊥
q21⊥k
2
⊥x
2
2
]
−
− (q1 − r1)
µ
⊥
(q1 − r1)2⊥
1
x1
ln
[(r1 + x1k)2⊥(r2 + x1k)2⊥(r2 + x2k)2⊥
x22r
2
1⊥r
2
2⊥(k + r2)
2
⊥
]
+
kµ⊥
k2⊥
1
x1
ln
[(r1 + x1k)2⊥
r21⊥
]
−
− q
µ
1⊥
q21⊥
1
x1
ln
[(r1 + x2k)2⊥(r1 + x1k)2⊥
(r1 + k)
2
⊥r
2
1⊥
]}
+Nµ2g¯
2
Nc
Tr[T G2TGT G1TR1 ]
1∫
0
dx1
{
r1 ↔ r2
}
(5.31)
and equal to −g2q21⊥〈Rω(q1)|Gˆ|G1G2〉∗sym, that means fulfilment of the bootstrap conditions
(4.21). Note that the symmetric colour structure is nonplanar and therefore vanishes in the
limit of a large number of colours.
6 Conclusion
In this paper we have presented the proof of the multi-Regge form of multiple production ampli-
tudes in the next-to-leading logarithmic approximation. The proof is carried out for Yang-Mills
theories with fermions and scalars in arbitrary representations of the colour group and with any
Yukawa-type interaction. It is based on the bootstrap relations which follow from compatibil-
ity of the multi-Regge form with the s-channel unitarity and connect the discontinuities of the
25
multiple production amplitudes in invariant masses of various combinations of produced parti-
cles with amplitude derivatives with respect to rapidities of these particles. The discontinuities
are constructed from several blocks which, in turn, are expressed in terms of the gauge boson
(gluon) trajectory and the Reggeon (Reggeized gluon) vertices. It turns out that performing an
infinite number of these relations is sufficient to fulfill several bootstrap conditions imposed on
these building blocks. We have presented explicit expressions for the gluon trajectory, all the
Reggeon vertices and all the blocks entering into the discontinuities of the multiple production
amplitudes, and have demonstrated fulfilment of the bootstrap conditions.
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